Abstract. We show that the homogeneous approximation property and the comparison theorem hold for arbitrary coherent frames. This observation answers some questions about the density of frames that are not covered by the theory of Balan, Casazza, Heil, and Landau. The proofs are a variation of the method developed by Ramanathan and Steger.
Frames provide redundant non-orthogonal expansions in Hilbert space, intuitively they should therefore be "denser" than orthonormal bases. The first fundamental result is Landau's necessary condition for sets of sampling of band-limited functions [11] . A second fundamental idea is the homogeneous approximation property and the comparison theorem of Ramanathan and Steger [12] in the context of Gabor frames. Since then many contributions have investigated the density of frames and varied and applied the method of Ramanathan and Steger. See [3, 4, 8, 13] for a sample of papers. The approach in [12] culminates in the deep investigation of Balan, Casazza, Heil, and Landau [1, 2] who have found a density theory for a general class of frames that are labeled by a discrete Abelian group.
However, the BCHL theory is not universally applicable, for instance, the density of wavelet frames does not fall under this general theory, and a separate investigation is necessary, as was shown in a sequence of papers by Heil and Kutyniok [9, 10] and by Sun [14] [15] [16] . Their work uses quite explicit and long calculations in the group of affine transformations.
In this note we show that the approach of Ramanathan and Steger yields the homogeneous approximation property and a comparison theorem for the class of coherent frames. These frames arise as subsets of the orbit of a square-integrable group representation. In particular, wavelet frames possess this structure. The advantage of the abstract point of view is the conciseness and simplicity of the proofs and the much more general range of validity. The additional insight is that the homogeneous approximation property and the comparison theorem are a consequence of structure alone, we do not need to assume additional localization properties as in [1] .
We will work in the context of a locally compact group G with Haar measure dx. We write |U| = G χ U (x) dx for the measure of a set U ⊆ G and K c for the complement of K in G.
Amalgam spaces. Let U = U −1 ⊆ G be a symmetric compact neighborhood of the identity element e ∈ G and let
for some, hence all, compact neighborhood(s) U of e. Equivalently, for any compact set K ⊆ G the sum x∈X χ xK is uniformly bounded in G.
Proof.
So after summing over j, we obtain
Next we consider the setup for coorbit theory and coherent frames. Let (π, H) be a unitary, square-integrable representation of G on a Hilbert space H. For fixed g ∈ H, g = 0, we set V g f = f, π(x)g ; this representation coefficient is the analog of the wavelet transform or short-time Fourier transform for the group G.
We investigate frames of the form {π(x j )g : j ∈ J}, so-called coherent frames. This means that there exist positive constants A, B > 0, the frame bounds, such that (4) it is clear that the sampling of the representation coefficients with respect to g on the set X must be in ℓ 2 . This is close, but not equivalent, to
. Thus the frame condition motivates the following definition.
In most situations the set of nice vectors is dense in H and examples can be easily constructed (see Remark 1) . In the following we assume that {π(x j )g : j ∈ J} is a frame for H and that {h j : j ∈ J} is a dual frame. We may take any dual frame, it need not be the canonical dual. We remark that {x j } must be relatively separated in this case (otherwise the upper frame bound would not exist).
The intuition behind coherent frames is that the frame vector π(x j )g lives near the point x j in the "G-plane". Consequently, a vector of the form x j ∈K c j π(x j )g should live on K.
To formalize this intuition, we introduce the following subspaces of H. Let L ⊆ G be a compact subset of G and y ∈ G, then V L,y is the subspace of H spanned by the vectors of the dual frame h j , x j ∈ yL. Formally,
and we let P L,y be the orthogonal projection from H onto V (yL).
The following homogeneous approximation property is a weak form of localization of a frame. The proof for coherent frames follows closely the proof for bandlimited functions in [8] .
Proposition 2 (Homogeneous Approximation Property). Assume that g is nice and that {π(x j )g : j ∈ J} is a frame for H and that {h j : j ∈ J} is a dual frame. Then for every f ∈ H and ǫ > 0 there exists a compact set L ⊆ G (depending on f and ǫ) such that
holds for all compact sets K ⊆ G and all y ∈ G.
Proof. Since g is nice, the representations coefficient
We will use the frame expansion
Recall the following property of orthogonal projections: If P KL,y h = j:x j ∈yKL c j h j , then
for any choice of coefficients d j . Choosing the special coefficients of the frame expansion (8), we obtain that
The last inequality follows from the fact that {h j } is a frame and obeys the Bessel inequality with constant A −1 , where A is the lower frame bound of {π(x j )g} in (4). Some gymnastics: Since x j ∈ yKL, we have x −1 x j ∈ x −1 yKL. Further, {x −1 x j } is relatively separated, and therefore
where this constant is independent of x.
We apply Lemma 1 and obtain
So for K ⊆ G compact and x ∈ yK we obtain
If we now choose L such that CA
which is possible by (7), then we have proved that sup x∈yK π(x)f − P KL,y π(x)f < ǫ , and the homogeneous approximation property is proved.
REMARK:
In most situations, nice vectors g exist in abundance. For instance, if (π, H) is irreducible and square-integrable, then a nice vector can be constructed as follows: Let g 0 ∈ H be admissible, and k be continuous with compact support.
2 ) for all f ∈ H. This follows from a convolution equation in [5] . See also [6] .
If π is the reducible representation by translations and dilations on
, where x, t ∈ R d , s ∈ R + and A is a real-valued d × d-matrix with all eigenvalues having positive real part, then every Schwartz function g such that suppĝ ⊆ {ω : 0 < a ≤ |ω| ≤ b} is nice. This follows immediately from the fact that the wavelet transform V g g(x, s) = g, π(x, s)g has compact support in s. See [7] for more on admissible vectors in this case.
The Comparison Lemma. Before we estimate the dimension of the finitedimensional subspaces defined in (5), we state a simple estimate for the trace of an operator.
Lemma 3. Let T be a positive trace-class operator on a Hilbert space H and {h k : k ∈ J} be a frame with frame bounds A, B > 0. Then
Proof. By the spectral theorem there exists an orthonormal set ϕ j and positive eigenvalues λ j such that T f = j λ j f, ϕ j ϕ j . Then
Likewise, by using the lower frame bound, we obtain k T h k , h k ≥ A tr T .
Let E g = {π(x j )g : x j ∈ X } and E h = {π(y k )h : y k ∈ Y} be two coherent frames. As above, denote the dual frame of E g by {h j } and its frame bounds by A, B.
For compact subsets K, L ⊆ G and y ∈ G, define the subspaces
and let P = P g (yKL) and Q = Q h (yK) be the orthogonal projections onto the subspaces V g and W h . Finally let T = QP Q : W h → W h . T is a positive operator of finite rank. We estimate its trace from above and below.
To keep track of these subspaces and projections, keep in mind that E g is a given frame whose density we want to understand and that E h is the reference frame. If possible, E h is chosen to be a Riesz basis or an orthonormal basis. This has been the case in most applications of the comparison theorem so far. Theorem 4. Given ǫ > 0, there exists a compact set L ⊆ G, such that for all y ∈ G and all compact sets K ⊆ G (13)
Proof. Since T is a product of orthogonal projections, its eigenvalues are between 0 and 1 and (14) tr T ≤ rank P ≤ card {x j ∈ yKL} .
To obtain a lower bound, we use Lemma 3 and obtain
To estimate ( * ), we apply the homogeneous approximation property (Proposition 2). Choose a compact set L ⊆ G such that π(x)h − P KL,y π(x)h < ǫ h for all compact sets K ⊆ G and x ∈ yK. Then
By combining these estimates we obtain a lower bound (15) k:y k ∈yK T π(y k )h, π(y k )h ≥ card {k : y k ∈ yK} h 2 B −1 (1 − ǫ) .
Combining (14) and (15), the claim is proved.
The comparison theorem is the starting point for genuine density theorems. For instance, Landau's necessary conditions for set of sampling are a simple corollary of Theorem 4. Likewise, Ramanathan and Steger derived the necessary density of nonuniform Gabor frames as an immediate corollary of a special case of Theorem 4. For more general groups and representations, one may define some form of a Beurling density and deduce a density theorem, but the results are not completely satisfying.
